Abstract. We determine the number of elements of order two in the group of normalized units V (F 2 G) of the group algebra F 2 G of a 2-group of maximal class over the field F 2 of two elements. As a consequence for the 2-groups G and H of maximal class we have that V (F 2 G) and V (F 2 H) are isomorphic if and only if G and H are isomorphic.
Abstract. We determine the number of elements of order two in the group of normalized units V (F 2 G) of the group algebra F 2 G of a 2-group of maximal class over the field F 2 of two elements. As a consequence for the 2-groups G and H of maximal class we have that V (F 2 G) and V (F 2 H) are isomorphic if and only if G and H are isomorphic.
Notation and results.
Let G be a finite p-group and F p G its group algebra over the field F p of p elements. For x = g∈G α g g ∈ F p G, α g ∈ F p we denote g∈G α g by χ(x). The subgroup
is called the group of normalized units. Evidently V (F p G) is a p-group and its order is p |G|−1 .
Let C = a | a 2 n = 1 be the cyclic group of order 2 n , where n ≥ 2. Consider the following extensions of C: n−1 , n ≥ 3 , which are the generalized quaternion group, the dihedral group and the semidihedral group respectively. It is well-known that a finite 2-group of maximal class coincides with one of these groups. Typeset by A M S-T E X Our main result is the following:
Theorem. Let G be a 2-group of maximal class and let Θ G (2) be the number of elements of order two in V (F 2 G). Then Θ D 2 n+1 (2) = 2 2 n +n−1 + 2 2 n ; Θ SD 2 n+1 (2) = 2 2 n +n−1 ; Θ Q 2 n+1 (2) = 2
The following question is due to S. D. Berman: Let F p be the field of p elements, G and H finite p-groups. Is it true that V (F p G) and V (F p H) are isomorphic if and only if G and H are isomorphic?
It is an interesting and likely more difficult question than the isomorphism problem for modular group algebras of p-groups over the field of p elements.
In [Berman] Berman gave a positive answer for this question for finite abelian p-groups. For nonabelian groups the question is open. As a consequence of the above theorem we have the Corollary. Let F 2 be the field of 2 elements, and let G and H be finite 2-groups of maximal class. Then V (F 2 G) is isomorphic to V (F 2 H) if and only if G and H are isomorphic.
Evidently if V (F p G) and V (F p H) are not isomorphic, then the group algebras F p G and F p H are not isomorphic. Moreover it follows from Baginski's result [1] that the group algebra F 2 G of a 2-group G of maximal class uniquely determines the group G.
Some preliminary facts about group algebras of cyclic groups.
We observe some facts about abelian 2-groups and their group algebras. Recall that for the group algebra F 2 C of a cyclic 2-group C = a | a 2 n = 1 the
is a basis of F 2 C and a normalized unit u can be written as
Each ideal of the group algebra F 2 C has the form F 2 C(1 + a) i . Clearly (1 + a) i belongs to the augmentation ideal A(F 2 C) and by a Theorem of Jennings [6]
According to [5] the annihilator of the element (1+a) i coincides with
Lemma 1. The subgroup
Proof. It is easy to see that 1 + Ann (1 + a) i coincides with S i , and according to [5] the cardinality |Ann((1 + a) i )| is 2 i .
Recall some well-known facts about a finite abelian 2-group N . Let N [2] be the subgroup generated by elements of order two, and denote by Φ(N ) the Frattini subgroup of N . We shall use the following Lemma 2. Let N be a finite abelian 2-group.
Involutions and unitary subgroups.
Let C = a | a 2 n = 1, n ≥ 2 be a cyclic 2-group. First we review some results on involutions of F 2 C. Recall that the linear extension of the automorphism a i → a −i of G to the automorphism x → x * of F 2 C is an involution of F 2 C. Moreover, for n ≥ 3 we have another involution x → x ⊛ , which is generated by the automorphism a i → a (2 n−1 −1)i of order two. For the sake of convenience we assume that σ is either x → x * or x → x ⊛ . First we observe some properties of these involutions.
2 , thus the coefficient of a 2i equals α i + α i+2 n−1 . Moreover, the equality (xx * ) * = xx * asserts that
We put
where
We define the permutation ρ of the set { 0, 1, 2, . . . , 2 n − 1 } in the following way:
Using the permutation ρ, simple computations show that
Therefore we have for even k
and for odd k
Specifically for k = 2 n−1 simple computations show that
Recall that each involution σ of F 2 C determines a σ-unitary subgroup
The structure of * -unitary subgroup of V (F 2 C) was described in [3] and [4] . According to these results the order of V * (F 2 C) is
Now we determine the order of the ⊛-unitary subgroup V ⊛ (F 2 C), and as far as we know, it has not been investigated so far. The mapping ϕ σ , given by
Evidently the traces of the elements x and x ⊛ are equal, so tr(x + x ⊛ ) = 0 and the equality (3) leads to contradiction at characteristic two. Now, suppose that 1 + C 2 = x 2 for some ⊛-unitary element x ∈ V ⊛ (F 2 C). Since x ⊛ = x −1 and x has the form x = y 1 + y 2 a with y i ∈ F 2 C 2 , so
and χ(y 1 ) = tr(x ⊛ + x) = 0. This shows that y
The previous equality shows that the set supp (y
Proof. It is easy to see that the lower layers of the both groups V ⊛ (F 2 C) and S ⊛ (C) coincide. To determine the 2-rank of V ⊛ (F 2 C) it suffices to find the order of the lower layer
where γ i ∈ F 2 and γ 0 + γ 2 n−1 = 1. Therefore |S ⊛ (C)| = 2 |C| 2 and analogously,
. This asserts that the order of the subgroups
Now we are ready to prove by induction on the order of
3 . According to Lemma 4 for the unit x = 7 i=0 α i a i we have
Now let |C| > 2 3 . Applying the inductive hypothesis for C 2 ,
Elements of order two in V (F 2 G).
For a fixed noninvertible element z ∈ F 2 C the set
we divide the units of order two into two classes. It is well-known that x = x 1 + x 2 b is a unit if and only if χ(x 1 ) + χ(x 2 ) = 1.
Definition. Let x = x 1 + x 2 b be a unit. If x has order two, χ(x 1 ) = 1 and χ(x 2 ) = 0, then x is called a unit of type 1. If x has order two, χ(x 1 ) = 0 and χ(x 2 ) = 1, then x is called a unit of type 2.
Lemma 7. The number of units of type 1 in both groups V (F 2 D 2 n+1 ) and
) has order two if and only if
) is a unit of order two if and only if
belong to the subgroup M x 2 , defined before, and the set
either is empty or according to Lemma 2 constitutes a coset of
or an empty set. Let us prove that
[2] and v = uy for some
w 2 for some t and w ∈ W . Moreover, v = uy implies that
[2] and 1 = y 2 = u 4t−2 w 4 .
This shows that u 4t−2 = 1, so 4t ≡ 2 (mod |u|), where |u| is the order of u. Hence |u| = 2 and (x 2 x * 2 ) 2 = 0. By Lemma 3, x 2 x * 2 = z(1 + a 2 n−1 ) for some z ∈ F 2 C and
We have shown that the cardinalities of the subsets H x 2 x * 2 +1 and H x 2 x * 2 a 2 n−1 +1
are equal for each not invertible element x 2 , thus the proof of lemma is complete.
A unit x 1 + x 2 b 3 ∈ V (F 2 SD 2 n+1 ) has order two if and only if
For each noninvertible and nonzero element x 2 there exists an i such that
The equalities (4) and (5) assert that
and
In particular, if i = 2l is even, then
n we define the set
Lemma 8. The set H σ i has the following properties:
and the order of the subgroup H σ 2l is 2 3·2 n−2 +l . Proof. 1. Since (1 + a)
Thus
n−1 . 2. Let i = 2l + 1 be a fixed odd integer and i < 2 n−1 .
First, let us prove by induction on l that if i = 2l + 1, then
where β r ∈ F 2 . It is clear for l = 0 and assume that
By the identity
we have
the desired assertion. Now, we begin to prove that the set H σ i is empty. First let σ be the * -involution. By Lemma 3, for h ∈ H * i we have hh * = 1 + z 1 + z 2 , where
and R = { 0, 2, 4, . . . , 2 n−1 − 2 }. By definition,
and since i = 2l + 1 is odd it is easy to see that
so by (6) and (7) we have z 2 (a + a −1 ) i ∈ F 2 C 2 and w = (1 + z 1 )(a + a −1 ) i ∈ F 2 C 2 if w = 0. But (8) confirms that (1 + z 1 )(a + a −1 ) i = 0 and we have (a + a −1 ) i = 0, because 1 + z 1 is a unit. This is impossible for i < 2 n−1 . Let σ be the ⊛-involution. Lemma 4 asserts that hh ⊛ = 1 + z 1 + z 2 , where
n−1 ) and Q = { 0, 2, 4, . . . , 2 n−2 − 2 } ∪ { 2 n−1 , 2 n−1 + 2, 2 n−1 + 4, . . . 2 n−1 + 2 n−2 − 2 }.
We remark that hh
The identity
and (7) assert that
belongs to F 2 C 2 , and
is not an element of F 2 C 2 , if w = 0. By (8), w ∈ F 2 C 2 , but this leads again to a contradiction. Therefore
Since 1 + z 1 and e = z 2 (1 + z 1 ) −1 + a −1 are units, it follows that
For l = 0 we have (a + a −1 ) = (1 + a) 2 n−1 e, which is impossible, because
Thus from (9) it follows that (a + a −1 ) i ∈ A 4l+2 n−1 (F 2 C) and i < 4l + 2 n−1 . This is impossible by Jenning's theory [4] . Thus H σ i is empty, as we stated.
3. Now we shall prove that for i = 2l < 2 n−1 the set H σ i is a subgroup of V (F 2 C). For h ∈ H σ i using the basis (1) we have
But it follows that α 1 = α 3 = α 5 = · · · = α 2 n −2i−1 = 0. Consequently, for
Hence
In the next step we shall verify that H
It is easy to see that
It follows that
Therefore for each h ∈ V (F 2 C) and i = 2 n−1 − 2, (11) confirms that
This shows that h ∈ H σ 2 n−1 −2 and H σ 2 n−1 −2 = V (F 2 C), because h is an arbitrary unit. This completes the proof of this assertion.
4. Now let i = 2l < 2 n−1 − 2. We shall prove that H Note that for an even i the binomial coefficient
is even too and (2i+3) . By the binomial formula and (10) we have
It is easy to see that 2 n+1 −4i−j ≥ 2 n −2i for i ≤ 2 n−1 −4 and j = 4, 5, 6. This shows that hh σ can be written as
and we have h / ∈ H σ i . But the equality hh σ (1 + a) 2i+2 = (1 + a) 2i+2 states that h ∈ H σ i+2 and this proves that
Now we shall determine the order of the group H
and we shall use the following subgroup
According to σ we distinguish two cases. First let σ be the * -involution. We shall prove that J * = S * (C) 2 and its order is 2 2 n−2 −1 . Indeed, if u ∈ J * , then u = zz * ∈ F 2 C 2 for some z ∈ V (F 2 C) and by Lemma 3,
Now the * -symmetric element y = 1 + 2 n−2 −1 j=1
This shows that J * is a subgroup of S * (C) 2 . Conversely, if u ∈ S * (C) 2 , then u = u * and there exists y ∈ S * (C) with y 2 = u. Then yy * = y 2 = u and u ∈ J * , so
The equality of these groups shows that each y ∈ S * (C) satisfies
hence the order of S * (C) 2 is 2 2 n−2 −1 .
The map ψ * : V (F 2 C) → S * (C) induces the epimorphism ψ * : H * 0 → J * , and its kernel is the * -unitary subgroup V * (F 2 C) and according to (2) V * (F 2 C) has order 2 2 n−1 +1 . Thus
Now, let σ be the ⊛-involution. We shall show that
For each y ∈ S ⊛ (C) we have
and Lemma 4 asserts that a
and again by Lemma 4 we obtain that
If δ 1 = 0, then we consider the ⊛-symmetric element
which has the property
Now assume that δ 1 = 1. Then the ⊛-symmetric element
We have established For 0 ≤ i < 2 n the set
Indeed
and L σ i is a subgroup. Moreover, easy calculations show that h
Consequently it is sufficient to investigate the properties of L * i .
Lemma 10. The subgroup L * i has the following properties:
, and the order of L * 2l is 2 2 n−2 +1+l .
For odd index
The formula (10) asserts
for all i ≥ 2 n−1 − 2, and we conclude that
Each symmetric unit h ∈ L * 0 can be written as
where α j ∈ F 2 . This shows that h has 2 n−2 + 1 independent coefficients, thus the order of L * 0 is 2 2 n−2 +1 . Now we verify that L * 2l is a proper subgroup of L * 2(l+1) for all 2l < 2 n−1 − 2.
According to (10) for u = 1 + (1 + a) 2 n −(2l+3) we have 
Proof of the main theorem.
We divide the proof into 3 parts. We begin with the dihedral group. Let us determine the number of the units x 1 + x 2 b 2 of type 1 in V (F 2 D 2 n+1 ) , where x 2 = 0 or x 2 = γ (1 + a) i , γ is a unit and i > 0. If x 2 = 0, then by (5) we have x 2 1 = 1. Therefore the number of units of type 1 with x 2 = 0 coincides with the order of V (F 2 C) [2] . Now let 0 < i < 2 n−1 and x 2 = γ(1 + a) i . Then
(x 1 + x * 1 )(1 + a) i = 0.
By (14) the element γγ * (a + a −1 ) i belongs to F 2 C 2 , further according to Lemma 8 the number i = 2l is even and
is a subgroup of V (F 2 C).
For fixed γ and i we determine the number of units x 1 + x 2 b 2 of type 1, which satisfy the conditions (14) and (15). If the unit x i for a fixed i, where γ ∈ V (F 2 C). This number coincides with the cardinality of the set
Clearly K 2l coincides with H * i (1 + a) 2l . But γ(1 + a) 2l = γ ′ (1 + a) 2l if and only if γ −1 γ ′ (1 + a) 2l = (1 + a) 2l , so γ −1 γ ′ ∈ S 2l . We have established the equality
Hence the number of units of type 1 with the form x 1 + x 2 b 2 for a fixed 0 < 2l < 2 n−1 is equal to
Now consider the case, when 2 n−1 ≤ i < 2 n . Then (a + a −1 ) i = 0, and (14) implies that the unit x 1 + x 2 b 2 is such that x 1 ∈ V (F 2 C) [2] and (15) is always satisfied. Thus x 2 ∈ V (F 2 C)(1 + a) i and there are
